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aspect of social polarization (Wolfson 1994, 1997). Wang and Tsui 2000
have characterized a class of polarization measures by postulates on nor-
malization, increasing spread and increasing bipolarity. The present paper
generalizes this class of measures. It deﬁnes polarization by aggregating
measures of poverty and of aﬄuence, focussing on incomes outside a mid-
dle class interval. The approach is applied to German data on income
distribution.
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The decline of the middle class has been investigated as a principal
aspect of social polarization (Wolfson 1994, 1997). Wang and Tsui
(2000) have characterized a class of polarization measures by pos-
tulates on normalization, increasing spread and increasing bipolarity.
The present paper generalizes this class of measures. It deﬁnes polar-
ization by aggregating measures of poverty and of aﬄuence, focussing
on incomes outside a middle class interval. The approach is applied to
German data on income distribution.
JEL: D31, D63, I32
Keywords: decline of middle class, income distribution, income richness
1 Introduction
Theconcept ofsocial polarization isused todescribe howseriously diﬀerent groups
of a society are divided.
One approach to measure polarization was developed by Wolfson (1994, 1997),
focussing on the “decline of middle class”. Wang and Tsui (2000) follow the Wolf-
son approach by deﬁning indices of polarization. They consider distances from a
∗Universit¨ atzu K¨ oln,Seminar f¨ ur Wirtschafts-undSozialstatistik,Albertus-Magnus-Platz, 50923
K¨ oln, scheicher@statistik.uni-koeln.de
1I thank Karl Mosler and Rainer Dyckerhoﬀ for reading the paper and providing many valuable
comments.
1central point of the income distribution, the median income. They transform these
distances by an increasing function and measure polarization by a mean of trans-
formed distances.
The other – even more popular – approach is introduced by Esteban and Ray
(1994): Population is divided somehow in several groups. A population is heavily
polarized, if ﬁrstly the population is divided in few groups, secondly the interesting
variable, e.g. income has very small spread within each group, but there are enor-
mous diﬀerences between those groups. Thirdly all groups have to be suﬃciently
large. Many authors followed and modiﬁed the Esteban and Ray (1994) approach,
e.g. Chakravarty and Majumder (2001), D´Ambrosio (2001), Duclos et al. (2004)
and Esteban et al. (2007).
Nonetheless we focus on the Wolfson approach and modify Wang and Tsui (2000)
polarization measure by using a middle class interval instead of a central middle
class point and calculate the distances to this middle class interval.2 We use dif-
ferent functions to transform the distances, since this allows us to treat the poor
diﬀerently from the rich. We show that these modiﬁed measures can be seen as an
aggregation of measures of poverty and aﬄuence.
There are only a few papers on multivariate polarization. Gigliarano and Mosler
(2009b) generalize the idea of the ”decline of middle class” to higher dimensions.
They calculate the volume of a middle class that contains a ﬁxed portion of the
population. An increasing volume of the middle class compared to the volume of
the entire population is interpreted as a “decline of middle class”.
Our new measures of univariate polarization can be extended to a new deﬁnition of
multivariate polarization, i.e. aggregating the distances of the people at the margins
of the society to a given middle class region. Our index increases if a person leaves
the middle class, if a person outside the middle class increases his or her distance
to middle class and if people outside the middle class become homogenous.
This paper is organized as follows: Sections two and three shortly review the polar-
ization indices of Wang and Tsui (2000) and some indices of poverty and aﬄuence.
Section four introduces the new class of univariate indices, a polarization ordering
and also multivariate indices. Then, in Section ﬁve, the approach is applied to Ger-
man data on income and working hours. Section six concludes.
2E.g. Blackburn and Bloom (1985) already deﬁned a middle class interval for families, i.e. 60 to
225 percent of the median of families income (lower middle class: 60 to 100 percent, middle class
100 to 160 percent and upper middle class 160 to 225 percent).
22 Indices of Wang and Tsui
Consider a population of n individuals. Let
D = {x = (x1,..., xn) ∈ Rn
+ \ {0}|0 < x1 ≤ x2 ≤ ... ≤ xn}
be the set of all ordered income distributions. To deﬁne the indices, we require the
median income, denoted by m(x).
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where ψ is a continuous function on [0,∞).
These indices are based on the distances (absolute or relative) to the median in-
come m(x). The distances are “weighted” by transforming them with a continuous
function ψ. Finally, the mean of the weighted distances is calculated.
The two indices of Wang and Tsui are characterized by three important postulates
of polarization, i.e. increasing spread, increasing bipolarity and “zero for equal
incomes”.
First of all, the decline of middle class is a result of increasing distances from
the median income, i.e. the central middle class income. Therefore an index that
measures the decline of the middle class should increase if such changes in the
income distribution occur:
Postulate 1 (Increasing spread (IS)) The polarization index rises if an income
above the median income increases or an income below the median income de-
creases.
In inequality measurement a progressive transfer should increase the index. In line
with this, a progressive transfer between a person with income below median in-
come and another with income above median income decreases polarization be-
cause of postulate (IS). But this is not always the case: If some incomes above
(below) the median become more equal by progressive transfers, i.e. they are more
polarized, then the polarization index should increase. This is the main diﬀerence
between polarization measurement and inequality measurement.
3Postulate 2 (Increasing bipolarity (IB)) The polarization index rises by a pro-
gressive transfer between two individuals both receiving incomes above the median
income or between two individuals both receiving incomes below the median.
The third postulate is the trivial condition that the index is zero if there is no in-
equality in income distribution, i.e. all people gain the same income:
Postulate 3 (Zero for equal incomes (Z)) Thepolarization index iszero ifallpeo-
ple receive the same income.
Wang and Tsui (2000) showed the following characterization:3
Proposition 1 Indices of the form Ψa and Ψr satisfy postulate (IS), (IB) and (Z) if
and only if the ψ is a strictly increasing and strictly concave function on R+ and
ψ(0) = 0.
Figure 1 gives an example for measuring the contribution of each person to the
polarization index, i.e. f(y) = ψ
        
y−m(x)
m(x)
       
 
, where ψ is strictly increasing and strictly





Figure 1: Example for f(y):   f(y) =
       
y−m(x)
m(x)
       
0.5
.
3See Wang and Tsui (2000), Proposition 5.
43 Indices of poverty and aﬄuence
In Section four we deﬁne polarization indices by replacing the median in the Wang
and Tsui measures with a middle class interval. It will turn out that these new po-
larization indices are the sum of a poverty index and an aﬄuence index. Therefore,
we shortly take a look on the measurement of poverty and aﬄuence in this section.
To construct a general class of income poverty indices in the usual way, we ﬁrst
have toidentify the poor. This isdone by apoverty line π,often aspecial percentage
of the median income. Secondly, we have to quantify the degree of poverty of the
poor by an increasing function of relative lack of income
π−xi
π . In this paper we use













where ψpoor : [0,1] → R+ is a (weakly) increasing function, say individual illfare
function, and (a)+ := max{a,0}. Note that many poverty indices like those of Foster










, α > 0, are included in this class P. For a
recent survey on poverty measurement see Chakravarty and Muliere (2004).
The measurement of aﬄuence is less often investigated. Aﬄuence indices can be
constructed analogously to those of poverty: Firstly, identify the rich, i.e. all people
with income above an aﬄuence line ρ. Then, measure the extent of their richness.
In Peichl, Sch¨ afer and Scheicher (2010) such a class of relative aﬄuence indices














where ψrich : [0,∞) → R+ is a (weakly) increasing function, say individual aﬄu-


















Analogously, we can deﬁne absolute poverty and aﬄuence indices.
4 New indices of polarization and polarization orderings
Now we deﬁne new indices of univariate and multivariate polarization and univari-
ate polarization orderings.
54.1 New univariate indices of polarization
In our opinion polarization indices (1) and (2) have two drawbacks:
Theﬁrstdrawback isthat variations ofincome near the median income, i.e.changes
in the middle class, have a higher inﬂuence on the index than variations which are
further away from m(x). The reason for that delivers Postulate 2, the function ψ has
to be strictly concave and strictly increasing. To illustrate this, we take a look at the
following two income distributions:
x1 x2 x3 x4 x5 x6 x7 x8 x9
distribution A 0 0 0 100 100 100 200 200 200
distribution B 0 0 30 70 100 130 170 200 200
We obtain distribution B from A by two progressive transfers between x3 and x4
and between x6 and x7. Due to increasing bipolarity (Postulate 2) polarization in-
creases from distribution A to B. But many people will rather claim highest polar-
ization in distribution A, with totally homogenous lower, middle and upper classes.
To get rid of this problem, we propose polarization measures that do not take the
middle class, say the interval [π,ρ], π < ρ, into account. Now the distribution of
income inside the middle class will not aﬀect the polariziation measure anymore.
With this reduction of information we are able to focus on size and distribution of
the outsiders (the poor and the rich). The proportion of the outsiders gives us di-
rectly information about the size of the middle class. Moreover the the distribution
of the outsiders may be more or less homogenous. This allows us to evaluate their
importance in democratic society.
The second problem is the skewness of income distribution, where incomes are
bounded below by zero but do not have an upper bound. The summands in the
Wang and Tsuiindex are bounded by ψ
        
0−m(x)
m(x)
       
 
= ψ(1) for incomes below median
income, but unbounded for incomes above median income. Therefore we propose
to use two functions measuring the distance of the poor people to middle class and
the distance of the rich people to the middle class, diﬀerently.
In contrast to Figure 1, Figure 2 shows an example how the share of each person to
the polarization index could be measured after the two modiﬁcations.
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Figure 2: Modiﬁed function of Figure 1.
where ψ1 and ψ2 are weakly increasing functions. This index can be nicely inter-
preted as an aggregation of an absolute poverty index and an absolute aﬄuence
index, where ψ1 and ψ2 equal ψpoor and ψrich. The simplest example is the ”in-
equality” index of Stark (1972), which is a head count measuring the percentage of
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where 1π−x>0 =
 
1 if π − x > 0,
0 otherwise.

























      , (5)
where ψ1,ψ2 are weakly increasing functions. Index (5) is also an aggregation of
relative (to median income) indices of poverty and aﬄuence.4
Two important questions have to be taken in consideration now: Firstly, what pos-
tulates should be satisﬁed for the new indices? And secondly, if the usual poverty
and aﬄuence indices are appropriate in respect to the postulates of polarization, or
not.
4Note that the denominators of the poverty and aﬄuence indices in Section 3 are diﬀerent. This
diﬀerence is not a problem, since mostly π := c   m(x), c ∈ (0,1) and ρ := d   m(x), d > 1 and the
constants c and d can be included by choosing the function ψ1 and ψ2, respectively.
7The new indices focus on incomes outside the interval [π,ρ], therefore we have to
modify the postulates 1-3:
Postulate 1* (Increasing spread outside [π,ρ]) The polarization index rises if an
income above the richness line ρ increases or an income below the poverty line π
decreases.
Postulate 2* (Increasing bipolarity outside [π,ρ]) The polarization index rises
by a progressive transfer between two individuals if both persons receive incomes
above richness line or if both individuals receive incomes below poverty line.
Postulate 3* (Zero for incomes in [π,ρ]) Thepolarization index iszeroifall peo-
ple receive middle class incomes in [π,ρ].
Since we can interpret the new polarization indices as aggregation of poverty and
aﬄuence indices, many postulates of poverty measurement can be adopted to po-
larization measurement.
We review the standard technical postulates. They seem to be appropriate for most
types of social indicators:
Postulate 4 (Anonymity) The polarization index remains unchanged under a per-
mutation of incomes.
Postulate 5 (Replication invariance) Ifthe population isreplicated several times,
the polarization index will not change.
Postulate 6 (Continuity) The polarization index is continuous in the income vec-
tor.
Now we adapt some normative postulates. In poverty (aﬄuence) measurement one
always focuses on poor (rich) people. This also seems to be useful in polarization,
when a middle class interval is used instead of a middle class point. Only incomes
outside the middle class interval should contribute to the polarization index:
Postulate 7 (Focus) Given the middle class, the polarization index depends only
on people with income outside the middle class.
8If there are no modiﬁcations to the income distribution, but (by some normative
reasons) the poverty (aﬄuence) line increases (decreases), then poverty (aﬄuence)
should increase. This should be the same in polarization measurement. A decreas-
ing middle class interval increases the distance of each poor and each rich to the
middle class. Moreover some people leave the middle class and become either poor
or rich.
Postulate 8 (Decreasing middle class interval) The polarization index increases
if, ceteris paribus, the middle class interval decreases, i.e. the new middle class
interval is a subset of the old one.
Finally, polarization should change if an additional person enters the population.
If this person earns a middle class income, then the portion of people outside the
middle class decreases. Polarization should decrease. Or, if this is a non-middle
class person, polarization should increase:
Postulate 9 (Poverty and richness growth) The polarization index rises if a poor
or a rich person enters the population.
Postulate 10 (Middle class growth) The polarization index decreases if a person
that belongs to the middle class enters the population.
The following theorem relates the deﬁnitions of polarization indices from above to
some of these postulates.
Proposition 2 Every polarization index of the form (4) and (5) satisﬁes the postu-
lates of
i) replication invariance and anonymity,
ii) zero for incomes in [π,ρ] and focus, if ψ1(0) = 0 and ψ2(0) = 0,
iii) continuity if ψ1 and ψ2 are continuous,
iv) decreasing middle class interval and increasing spread outside [π,ρ] if ψ1
and ψ2 are non-negative and strictly increasing,
v) increasing bipolarity outside [π,ρ] if ψ1 and ψ2 is strictly increasing and
strictly concave.
9The second question, whether we should use the usual poverty and richness indices
or diﬀerent kinds of indices, has already been answered by Theorem 2. The indices
of the form (5) satisfy the important postulates 1* and 2* if ψpoor and ψrich are
strictly increasing and strictly concave functions. E.g. the illfare functions of the
FGT indices for α ∈ (0,1) or the individual aﬄuence function of the richness index
(3) for α ∈ (0,1). But these indices are not the sort of indices usually employed in
poverty measurement, since a progressive transfer between two poor people should
decrease, not increase the poverty index. This shows a clear diﬀerence between the
usual measures of poverty and our indices of polarization. In Peichl et al. (2010) we
discuss whether aﬄuence indices should have concave or convex functions ψrich.
4.2 New polarization ordering
For the new indices of polarization we have to deﬁne a middle class interval. This
is a disadvantage of our approach, but it also occurs in poverty measurement. The
remedy for this drawback of poverty measurement is a poverty ordering that is
uniform in poverty line, see Foster and Shorrocks (1988a,b).
Analogously, we deﬁne:
Deﬁnition 1 (Ordering uniform in middle class interval) Consider poverty lines
π ∈ [πmin,πmax] and aﬄuence lines ρ ∈ [ρmin,ρmax], with πmax ≤ ρmin, and an index
Π. For x and y ∈ D deﬁne the polarization ordering
y ≺M x
if Π(y) ≤ Π(x) holds for all middle class intervals [π,ρ] ∈ M, with
M = {[π,ρ]|[πmax,ρmin] ⊂ [π,ρ] ⊂ [πmin,ρmax]}.
More applicable is the following weaker deﬁnition, where we restrict ourselves to
a ﬁnite collection of nested middle class intervals.
Deﬁnition 2 (Ordering uniform for a nest of middle class intervals) Consider a
sequence of nested middle intervals [π1,ρ1] ⊃ [π2,ρ2] ⊃ ... ⊃ [πn,ρn] and an index
Π. For x and y ∈ D deﬁne the polarization ordering
y ≺[πi,ρi] x
if Π(y) ≤ Π(x) holds for all middle class intervals [πi,ρi], i = 1,2,...,n.
In Section 5 we illustrate the ordering ≺[πi,ρi] with german data.
104.3 New multivariate indices of polarization
Sometimes it makes sense to consider more than one attribute, e.g. students are
mostly poor in income but rich in education. Do they belong to middle class?
Probably many people would say so. So far there are only a few papers dealing
with multivariate polarization, see Gigliarano and Mosler (2009a,b).
Let X =
 
(x11,... x1k)T,...(xn,1,... xnk)T 
∈ Rk×n
+ be the distribution of a popula-
tion with k attributes and n individuals.
The simplest way to consider more than one attribute is to calculate a vector of
univariate polarization indices. But then the above mentioned student contributes
to both univariate polarization indices. S/he is poor in income and rich in education
and therefore s/he does not belong to the income middle class and the education
middle class. But it may be sensible that s/he does not contribute to the polariza-
tion index, because s/he will belong to the income middle class in future due to
education.
To cope with this problem we deﬁne multivariate indices in two steps: First, we




















































































Figure 3: A middle class region M.
Some observation are outside the middle class. Therefore we have to evaluate the
situation of those people, in a second step.
This is done by calculating a somehow deﬁned distance d(xi,M) between the in-
dividuum i and the middle class M. Now we are able to deﬁne multivariate polar-







11where f : R+ → R+ is a continuous, increasing and concave function, with f(0) =
0. Since the distance to the middle class in general is not bounded, we could use
increasing and concave function f that maps on [0,1] to guarantees a normalized
index Ψ.5
The easiest example of a multivariate polarization index Ψ is the proportion of







Analogue to the univariate case, we can deﬁne multivariate polarization orderings














































































































































































Figure 4: Diﬀerent middle class regions M1,M2, M3.
We illustrate our multivariate indices with some examples: Figure 4 shows three
simple examples of middle class regions Mi, i = 1,2,3. Middle class M1 includes
all people that belong to all univariate middle classes, i.e. [π1,ρ1] and [π2,ρ2] re-
spectively. M2 includes all people that belongs to at least one univariate middle
class. Finally, all people belong to the middle class M3, if they are neither poor in
both attributes nor rich in both attributes. Of course we can imagine many other
middle class regions, but we restrict ourselves to this middle classes, since the fol-
lowing calculations will be complicated otherwise.
The choice of the middle class region and multivariate index depends on the fact
whether the attributes are substitutable or complementary. E.g. if the attributes are
substitutable, then a low value in one attribute is compensated by a high value of
another attribute.6
5See our detailed discussion in Peichl et al. (2010), whether distances to the richness line should
be evaluated with convex or concave functions.
6For multivariate poverty measurement see e.g. the papers of Bourguignon and Chakravarty
(2003) and Tsui (2002).




min{|x − a|,|x − b|} if x < [a,b],
0 if x ∈ [a,b]
be the distance between a number x and an interval [a,b]. To calculate the distance












   
   
minj(πj − xij) if xi ∈ (−∞,π1) × (−∞,π2),
minj(xij − ρj) if xi ∈ (ρ1,∞) × (ρ2,∞),
0 otherwise.
The next section will illustrate the new indices and ordering.
5 Polarization in Germany
An advantage of the new indices is, that they allow us to understand polarization as
a combination of poverty and richness measures. With the GSOEP(German Socio-
Economic Panel) data we analyse now whether the new indices perform at least as
good as the common measures of declining middle class, i.e. the Wang and Tsui
(2000) index.
5.1 Data
The GSOEP is a panel study of private households in Germany since 1984. We
use the “cross-national equivalent ﬁles” (CNEF) of GSOEP.7 In these ﬁles for each
year a variable “household post-government income” (that refers to the previous
7The data used in this publication are provided by the Cross-National Equivalent File (CNEF)
project at the College of Human Ecology at Cornell University, Ithaca, N.Y.
13year incomes) is already calculated. We divide this household income by a factor
that is calculated with a modiﬁed OECD equivalence scale, i.e. 1.0 for household
head plus 0.3 foreach child younger than 15years plus 0.5 foreach other household
member, to obtain a personal equivalence income.
For more information on the GSOEP see Haisken De-New and Frick (2005) and
for further information on the CNEF see Lillard et al. (2008).
5.2 Univariate polarization indices
Firstly, we calculate the relative Wang and Tsui index Ψr(x) with ψ(y) = y0.5. We
decompose it in
Ψr(x) = Ψ1(x) + Ψ2(x) + Ψ3(x),
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Figure 5: Ψr, with ψ(y) = y0.5 for Germany, with contributions of middle class
(Ψ1), poor (Ψ2) and rich (Ψ3).
Figure 5 shows that most of the polarization (between 0.54 and 0.61) is obtained
from the incomes in the middle class (between 0.36 and 0.39) and this amount
is nearly constant, therefore we do not take this amount into account. A smaller
14amount that includes most of the variation comes from the incomes outside the
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Figure 6: Proportion of poor (PHC), rich (RHC) and the Stark index (ΠStark) for
Germany.
We ﬁnd this enormous change in income distribution already if we look at the
percentage of people outside the middle class, i.e. the Stark index.9 This index
increases from 20% in2001 to27% in2006, since forthe sameyears thepercentage
of poor increases from 14% to 18% and the percentage of rich from 7% to 9%, see
Figure 6 (and Table 4 in the Appendix).

























                                          
=:Πrich(x)
,
with α1,α2 ∈ (0,1).10 See Figure 7 (and Table 5 in the Appendix) for the results
for α1 = α2 = 0.5.
The next step is to investigate how changes in the income distribution will be rep-
resented by diﬀerent choices of individual illfare and aﬄuence function, e.g. for
8See Table 3 in the Appendix for the numerical results.
9Note that the ”inequality” index of Stark (1972) is already one of the new kind of polarisation
indices.
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Figure 7: New index Π0.5,0.5 for Germany.
diﬀerent α1 and α2 in Π
poor
α1 and Πrich
α2 , respectively; see Table 1. We ﬁnd smallest
relative variation for Π
poor
α1=0.1 (from 0.103 in 1986 to 0.157 in 2006, i.e. 52.4 % rise)
and largest relative variation for Π
poor
α1=0.9 (from 0.035 in 1986 to 0.061 in 2006, i.e.
74.3 % rise). For Πrich
α2 with α2 = 0.1, 0.5 and 0.9 we ﬁnd a 62.0, 60.9 and 69.2
% rise, respectively. If we use these poverty and aﬄuence measures to construct
polarization measures, we ﬁnd the smallest relative rise for Π0.1,0.5 (from 0.126 in
1986 to 0.194 in 2006, i.e. 54.0 % rise) and for Π0.1,0.1 (from 0.147 in 1986 to
0.228 in 2006, i.e. 55.1 % rise). The largest rise is obtained for Π0.9,0.5 (69.0 %)
and Π0.9,0.9 (75.0 %). Therefore we are able to construct indices that take poverty
or aﬄuence more or less into account. This depends on ethical judgments whether
the polarization that occurs due to the poor or due to the rich is more problematic
for society.
5.3 Polarization Ordering
We also deﬁned a new polarization ordering ≺[πi,ρi]: Now we calculate polariza-
tion Πα1=0.5,α2=0.5 for the years 1986, 1996 and 2006 for middle class interval
[πi,ρi] with πi = 0.4 + 0.01   i and ρi = 2.4 − 0.02   i times the median income,
i = 0,1,2,...,40, i.e. [0.4,2.4] ⊃ [0.41,2.38] ⊃ ... ⊃ [0.8,1.6]. Figure 8 shows
that x1986 ≺[πi,ρi] x1996 ≺[πi,ρi] x2006. We detect that that for each of these middle
class intervals polarization is higher in 1996 than in 1986. This is of course not
surprising, since Germany was reunited in 1990. More interesting is the enormous
increase of polarization from 1996 to 2006.
16α1,α2 = .1 α1,α2 = .5 α1,α2 = .9
Π
poor
α1 0.103 0.056 0.035
1986 Πrich
α2 0.044 0.023 0.013
Πα1,α2 0.147 0.78 0.048
Π
poor
α1 0.116 0.069 0.046
1996 Πrich
α2 0.053 0.027 0.015
Πα1,α2 0.170 0.096 0.061
Π
poor
α1 0.157 0.093 0.061
2006 Πrich
α2 0.071 0.037 0.022
Πα1,α2 0.228 0.131 0.084
Table 1: Πα1,α2 for various α1, α2.
















































Figure 8: Polarization ordering ≺[πi,ρi], with πi = 0.4+0.01 i and ρi = 2.4−0.02 i
times the median income, i = 0,1,2,...,40.
5.4 Multivariate polarization indices
In this section we illustrate the new multivariate polarization indices by the follow-
ing example. Consider a person with an average income. Does this person really
belong to the middle class? If s/he works an average time to gain an average income
we would say so. But maybe s/he works only a few hours per month, or – proba-
bly more realistic – s/he works many hours overtime to reach an average income.
Unfortunately in each case the person would belong to middle class in univariate
measurement (regarding income).
17Therefore, as a multivariate application we investigate employed (part time and
full time) single person households only11 and use the variables ”household post-
government income” and ”annual workhours ofindividual”12.Asmentioned above,
we do not only focus on income and take the working hours into account, we de-
ﬁne the middle class by all people who work an average time and gain an average
income. This is done because of the following normative speciﬁcations: A person
has to gain an average income to belong to the middle class. Moreover s/he will not
be included in the middle class, if s/he either has to work overtime or to work only
a few hours to receive an average income, because these people will either belong
to the poor or the rich, if they do average hours of work. Therefore we use middle







Let poverty and aﬄuence lines be 60% and 200% of median income and 75% and
125% of median hours of work. Figure 9 shows the middle class region and a 25%






























































































































































































































































































Figure 9: Middle class region and 25% sample of data of 2006.
Table 2shows the results forseveral years. Obviously theunivariate polarization in-
dices sometimes show the same development (compare 1996 and 2001) and some-
times they do not (compare changes of Πincome
Stark and Πworkhours
Stark between 1986 and
1991, or of Πincome
0.5,0.5 and Πworkhours
0.5,0.5 between 1986 and 2006).
11Note, this example is only an illustration for multivariate indices, because there are only few
observations available (e.g. 582 in 1986).
12For more information on this variables see Lillard et al. (2008).
13Note that diﬀerent normative speciﬁcations would lead to other middle class regions.
181986 1991 1996 2001 2006
median income 15566 17684 16617 16709 17543
median work hours 2078 2078 2078 2078 2103
Πincome
Stark 19.6 20.2 20.5 23.7 23.2
Πworkhours
Stark 34.1 32.8 36.0 39.7 30.0
ΨHC 41.6 40.9 43.5 47.1 42.7
Πincome
0.5,0.5 10.0 9.3 9.7 11.9 11.4
Πworkhours
0.5,0.5 16.5 14.6 15.8 20.0 15.4
ΨM1 21.5 21.5 22.2 27.2 24.7
Table 2: Multivariate (ΨHC, ΨM1) and univariate indices (in %).
6 Concluding remarks
In this paper we deﬁned new polarization indices that satisfy several important pos-
tulates. In the univariate case, they modify the indices of Wang and Tsui (2000) and
in the multivariate case they provide an alternative to the approach of Gigliarano
and Mosler (2009b), as we do not calculate the volume of the middle class region,
but the distances to the middle class region.
Now we are able to deﬁne polarization by poverty and aﬄuence. Although the
poverty and aﬄuence indices do not correspond tothe usual type, the commonplace
that “society is more polarized, since the rich get richer and the poor get poorer,”
can be interpreted much better.
A result of the empirical illustration is an increase of polarization in Germany,
especially in the years since 2000. The percentage of poor and rich people (the
Stark index) increases from 18% in 1984 to 27% in 2006, i.e. a surplus of 50%.
This enormous change in the income distribution is not fully visible by a Wang and
Tsui type index, since people with income near the median contribute heavily to
the index. Here the Wang and Tsui type index calculates only changes from 0.55
in 1984 to 0.61 in 2006. This is just a surplus of 11%. The new index shows this
change in income distribution more clearly; it increases from 0.08 in 1984 to 0.13
in 2006, a 64% surplus.
Diﬀerent ethical judgments about changes in poverty and changes in aﬄuence can
be integrated into the measurement now, since the new indices give us the oppor-
tunity to take changes in poor person´s income and rich person´s income more or
less into account.
19Polarization orderings allows us to state that polarization increases from 1986 to
1996 and even more from 1996 to 2006 for several deﬁnitions of middle class
interval.
The illustration of a multivariate polarization index shows that the multivariate
measurement may lead to diﬀerent results in comparison to the univariate mea-
sures.
Especially for multivariate polarization further research is necessary: Firstly, a dis-
cussion on which postulates should be fulﬁlled, e.g. which kind of progressive
transfer should increase multivariate polarization? And secondly, how can dis-
tances be calculated to more complex middle class sets?
7 Appendix
The following tables show the numerical results for the ﬁgures 5 to 7 in Section 5.
84 85 86 87 88 89 90 91 92 93 94 95
Ψr,1 .39 .39 .39 .39 .38 .39 .39 .38 .39 .39 .39 .38
Ψr,2 .09 .10 .09 .09 .09 .09 .09 .10 .10 .10 .10 .11
Ψr,3 .07 .08 .07 .07 .07 .07 .07 .08 .07 .08 .09 .09
Ψr .55 .56 .55 .55 .54 .55 .55 .56 .56 .57 .57 .58
96 97 98 99 00 01 02 03 04 05 06
Ψr,1 .38 .38 .38 .39 .38 .38 .37 .38 .37 .37 .36
Ψr,2 .10 .10 .10 .09 .09 .10 .11 .12 .12 .13 .14
Ψr,3 .08 .09 .08 .09 .09 .08 .10 .09 .10 .10 .11
Ψr .57 .57 .56 .56 .57 .57 .59 .59 .59 .60 .61
Table 3: Ψr, with ψ(y) = y0.5 for Germany, with contributions of middle and non-
middle class.
2084 85 86 87 88 89 90 91 92 93 94 95
PHC 13 13 12 12 12 12 12 13 13 13 13 15
RHC 6 6 5 5 6 5 6 6 6 6 7 7
ΠStark 18 19 18 17 18 17 17 19 19 19 19 22
96 97 98 99 00 01 02 03 04 05 06
PHC 14 13 13 12 13 14 15 15 16 17 18
RHC 6 7 7 7 7 7 8 7 8 8 9
ΠStark 20 20 20 19 21 20 23 23 24 25 27
Table 4: Proportion of poor (PHC), rich (RHC) and the Stark index (ΠStark) for
Germany, in %.
84 85 86 87 88 89 90 91 92 93 94 95
Π
poor
0.5 5.7 5.9 5.6 5.3 5.6 5.6 5.6 6.3 6.1 6.2 6.3 7.2
Πrich
0.5 2.3 2.5 2.3 2.2 2.2 2.2 2.4 2.5 2.3 2.5 2.9 2.8
Π0.5,0.5 8.0 8.4 7.8 7.6 7.8 7.8 7.9 8.7 8.4 8.7 9.2 10.0
96 97 98 99 00 01 02 03 04 05 06
Π
poor
0.5 6.9 6.6 6.5 6.0 6.1 6.8 7.6 7.6 8.1 8.5 9.3
Πrich
0.5 2.7 2.9 2.7 2.8 3.0 2.7 3.2 3.1 3.0 3.3 3.7
Π0.5,0.5 9.6 9.5 9.2 8.8 9.0 9.5 10.9 10.7 11.2 11.8 13.1
Table 5: Πα1=0.5,α2=0.5 for Germany, in %.
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